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This paper introduces a lattice algebra procedure that can be used for the multispectral analysis of his-
torical documents and artworks. Assuming the presence of linearly mixed spectral pixels captured in a
multispectral scene, the proposed method computes the scaled min- and max-lattice associative mem-
ories to determine the purest pixels that best represent the spectra of single pigments. The estimation of
fractional proportions of pure spectra at each image pixel is used to build pigment abundance maps that
can be used for subsequent restoration of damaged parts. Application examples include multispectral
images acquired from the Archimedes Palimpsest and a Mexican pre-Hispanic codex. © 2013 Optical
Society of America
OCIS codes: 100.2000, 100.2960, 100.4996.

1. Introduction

Advances in imaging technologies and the develop-
ment of efficient image processing methods have
motivated their application to the analysis and re-
storation of artworks and historical documents.Many
of the existing ancient documents and artworks are
damaged by inadequate environmental conditions,
storage, and handling through the passage of time.
For example, reusing the parchment of a book towrite
a novel text was a common practice during the four-
teenth century [1]. In recent years, different efforts
have been directed toward the analysis, enhance-
ment, and restoration of the original texts in histori-
cal documents. The importance behind the study of
such manuscripts resides in the fact that valuable in-
formation can still be retrieved from them. For that
purpose, noninvasive techniques, such as multispec-
tral and hyperspectral imaging, have shown to be
effective methods for the study of documents and
paintings based on the discrimination of material

spectra [2–4].Analysis of pigmentsandotherpictorial
materials has been first realized using reflectance
spectroscopyacquiredby fiber-optic devices operating
in the ultraviolet (UV), visible (VIS), and near-
infrared (NIR) electromagnetic ranges [5]. However,
the development of multispectral imaging instru-
ments, able to register simultaneously the spatial
and spectral information of a scene at different wave-
length intervals, represents an important advantage
over other technologies. Because the spectral reflec-
tance of materials is a quantity directly related to
their physical properties, the spectral information
derived from a painting or a handwritten document
provides an effective way to identify and discriminate
among different inks and pigments present.

In recent years, several techniques using multi-
spectral devices have been directed to the interpreta-
tion of paintings, the identification of pigments and
inks in artworks, and the enhancement of important
illegible scripts in palimpsests [5]. One of the first
applications of multispectral imaging was reported
in [6]. The authors performed the examination of the
painting Holy Trinity Predella through the acquisi-
tion of 21 images in the VIS and NIR wavelength
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intervals. Furthermore, Ware et al. [7] performed the
characterization of pigments with similar coloration
and different chemical composition in Maya murals
found at the Naj Tunich cave in Guatemala; a clus-
tering analysis of the data led to differentiation
between the original and later paintings. False color
images generated by a combination of multispectral
imaging and principal component analysis (PCA)
have been employed for the examination of artworks
from the Winnipeg Art Gallery: the drawingUntitled
and the oil painting named TheMocking of Christ [8].

More recently, spectral imaging techniques have
been successfully applied to reveal the unreadable
text lines of the Dead Sea Scrolls [9]. Moreover, the
use of multispectral imaging has been oriented to-
ward the reconstruction of erased or occluded texts
in palimpsests. One of the most important studies
has been motivated by the Archimedes Palimpsest
project [1,10]; the combination of imaging and digital
analysis techniques, such as spectral mixing analysis
and PCA, led to the retrieval of most of the original
text. A recent method applied to the enhancement
of the underwritten text in the palimpsest makes
use of statistical processing techniques, such as
independent component analysis and PCA [11]. Also,
in [12] a character segmentation method of ancient
documents that includes aMarkov random fieldmod-
el using the spectral information and the spatial fea-
tures of the characters is reported. For a survey of past
and current applications of spectral techniques and
digital imageprocessing algorithms in the restoration
of artworks, as well as the limitations of both technol-
ogies, the reader may consult references [5,13].

Although the combination of multispectral ima-
ging and digital image processing methods has as-
sisted in the enhancement and the recovery of most
of the damaged parts of historical documents, there
are still important limitations that require the inves-
tigation of new techniques. In particular, palimpsests
conformed by scripts with similar spectra are diffi-
cult to discriminate. Therefore, the development of
new methods for image analysis should be consid-
ered in order to perform a better enhancement of the
underwritten texts.

This paper introduces an unsupervised multispec-
tral image procedure that can be used to perform
the analysis of ancient historical documents and
artworks. Under the assumption that most spectral
pixels registered in a multispectral scene are con-
formed by a linear combination of constituent mate-
rial spectra, our technique enables one to find sets of
the purest spectral signatures corresponding to the
different pigments in the document or, equivalently,
pigment spectra. The selected signatures are then
used to segment themultispectral image intopigment
maps. Segmentation results are given for a pair of
multispectral data collections belonging to the Archi-
medes Palimpsest and a pre-Hispanic codex named
Matrícula de Tributos. The main contribution of this
paper is the proposal of a hybrid scheme that uses
both lattice associative memories and a clustering

classification method for the unsupervised determi-
nation of pigment distribution from multispectral
images. This technique represents a noninvasive tool
designed to facilitate the restoration process of art-
works and occluded texts in palimpsests. The organi-
zation of the document is as follows. In Section 2 we
describe the multispectral image acquisition process
that was used for our simulations, and we discuss
briefly the basic method for reflectance estimation.
Section 3 presents the mathematical basis of our pig-
ment analysis based on lattice algebra. In Section 4
we provide illustrative examples showing the distri-
bution of pigments obtained bymeans of the proposed
technique. Finally, in Section 5we present the conclu-
sions of this research and directions for future work.

2. Multispectral Imaging of Historical Documents

Multispectral devices, developed to sample the elec-
tromagnetic spectrum at different spectral bands,
had been mainly employed for remote sensing appli-
cations. In recent years, the use of such devices to
estimate the spectral reflectance of materials con-
forming artworks and manuscripts has allowed new
applications focused on their analysis, preservation,
and restoration. A pioneer research for these appli-
cations is presented in [14]; the authors found that
at wavelengths close to 2 μm the common paints,
such as iron gall ink and sepia, become invisible. In
addition, given that the spectral reflectance is a
quantity directly related to the physical properties
of materials, an appropriate estimation is of funda-
mental importance in order to perform the character-
ization of materials conforming a scene.

For the analysis discussed here we have employed,
as an initial test, a portion of the multispectral image
that was collected from the Archimedes Palimpsest
[15]. The manuscript was created on parchment in
the tenth century to copy seven of the treatises of the
Greekmathematician; two centuries later, themanu-
script was washed out and the pages were cut in half
to overwrite a Christian prayer book. In order to re-
trieve most of the original text, the whole manuscript
was imaged using light from LED illumination at dif-
ferent wavelength intervals and a color Sinar 54H
sensor as the capturing system [1,10]; 12 spectral
bands were registered at different wavelength inter-
vals, covering the spectral range from 395 to 870 nm
of the electromagnetic spectrum.

For the second experiment, a multispectral image
collected from a set of pre-Hispanic documents called
codices was used. These documents represented a
pictorial writing system used to keep testimonies
in the cultures of Mesoamerica before the Spanish
conquest. Most of these pictorial documents were
drawn on amate paper, a kind of paper manufactured
from tree cortex, whose content described the adven-
tures of important people as well as their beliefs
about their time and history. From the existing co-
dices that are still preserved, we mention the codex
known as Colombino that was created in the twelfth
century to relate the feats of the governor “8-Venado”
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in the ancient cultures of Mixtecas [16]. Another im-
portant codex, namedMatrícula de Tributos, was cre-
ated in the sixteenth century to register the tributes
that the subordinates had to pay to Tenochtitlan, the
center of the Aztec Empire. Specifically, we used this
last codex to perform our simulations.

The codices were digitalized for conservation at
the National Library of Anthropology and History
(Biblioteca Nacional de Antropología e Historia) in
Mexico city [17,18]. For the image acquisition, a mul-
tispectral camera conformed by a rotating wheel
with 16 optical filters mounted to a charged couple
device (CCD) was used [19]. Illumination coming
from flush light synchronized with 16 exposures was
employed to minimize light irradiation. Hence, 16
spectral bands in the region from 380 to 780 nm were
collected, each one covering an area of 2048 × 2048
pixels, with a bandwidth of about 25 nm. Figure 1
displays the spectral sensitivities of the optical fil-
ters. Because of the registered data corresponding to
the intensity values, it is necessary to estimate the
spectral reflectance of the scene, as is explained in
the next subsection.

A. Reflectance Estimation

For a multispectral capturing system conformed by
a monochromatic CCD camera, a set of m optical fil-
ters, and a collimated white light source, the output
of the camera ci obtained with the ith filter (for
i � 1;…;m) is given by [20]

ci �
Z

λmax

λmin

si�λ�r�λ�dλ� ni; (1)

where si�λ� � f i�λ�E�λ� is the spectral sensitivity of
the camera, computed as the multiplication of the
ith filter response f i�λ� and the spectral distribution
E�λ� of the illumination source, r�λ� is the spectral re-
flectance of the object, and ni is a noise term added to
the ith image. A simple solution to this equation can
be obtained through discrete estimation techniques
[20,21]. By taking q samples from si�λ� and r�λ�,

we can approximate Eq. (1) by a discrete matrix
equation as

ci � sTi r� ni; (2)

where T denotes vector transposition, si and r are q ×
1 vectors, and sTi � fTi E is the product of the spectral
sensitivity vector for the ith filter and the q × q diag-
onal matrix E that specifies the spectral distribution
of the illumination. In addition, if sTi occupies the ith
row of matrix S, then all ci values can be represented
as an m × 1 vector, such that

c � Sr� n: (3)

Assuming the absence of noise, a first approxima-
tion r̂ of the spectral reflectance can be obtained
using the generalized inverse estimation given by

r̂ � S�c � ST�SST�−1c: (4)

As was shown in [20], the generalized inverse esti-
mate may give oscillatory responses. To diminish
the effect of unwanted oscillations, smoothing or
Wiener estimationmethods areusually applied.More
specifically, the smoothing estimation is given by

r̂ � M−1ST�SM−1ST�−1c; (5)

where M is a smoothing matrix. Another alternative
consists in the application ofWiener estimationmeth-
ods. In this case, r is considered to be a sample vector
resulting from a random process with a known mean
and a covariance matrix C. The Wiener estimation is
expressed as

r̂ � CST�SCST�−1c: (6)

As an approximation, the covariance matrix can be
modeled as a covariance matrix resulting from a
first-order Markov process, for i; j � 1;…; q, such as

Cij � ρ�i−j�sgn�i−j�; (7)

where 0 ≤ ρ ≤ 1 is the correlation factor of the adja-
cent element and sgn is the signum function. Figure 2
shows the spectral reflectance curves computed from
the generalized inversion and Wiener estimation
techniques for intensity values representing a red
pigment in the Matrícula de Tributos codex. Since
the Wiener estimate provides smoothed results com-
pared with the generalized inversion, we applied this
technique with ρ � 0.94 for reflectance estimation of
the codex.

3. Lattice Algebra and Pigment Extraction

A. Spectral Mixtures

In many situations, art paintings and historical
documents show mixtures of different pigments and
inks. Thus, when a multispectral image is acquired
from them, the spectral pixels in the image will
probably contain the spectral mixture of such pig-
ments. Hence, we can assume that a single pixel

Fig. 1. Spectral sensitivity of the 16 CCD multispectral camera
used to collect the multispectral image of the pre-Hispanic codices.
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in a multispectral collection has registered the com-
bined spectral reflectance of various materials. The
spectral mixtures can be represented as a linear com-
bination of the constituent material spectra, follow-
ing the constrained linear mixing model (CLMM),
expressed by

x �
Xk
i�1

aipi � n � Pa� n; (8)

ai ≥ 0∀i and
Xk
i�1

ai � 1; (9)

where x is the measured spectrum over m bands of a
multispectral pixel, P � �p1; p2;…; pk� is an m × k
matrix whose columns are the k purest spectral pix-
els that are also associated with constituent materi-
als, a � �a1; a2;…; ak�T is a k-dimensional column
vector whose entries are the corresponding fractional
abundances or, equivalently, the percentages of
purest spectra present in x, and n is an additive noise
vector [22].

The purpose of the CLMM is to estimate the frac-
tions of constituent materials present in a single pix-
el, assuming that we know their spectral response
(appearing in the columns of P). It is clear that a good
election of purest spectral pixels will allow us to per-
form a better estimation of corresponding abun-
dances. The min- and max-lattice auto-associative
memories, a recent development in lattice-algebra-
based neural networks [23,24], provide special prop-
erties that can be used to extract sets of the purest
spectral pixels from a multichannel image.

B. Lattice Algebra and Associative Memories

In the next few lines we describe some lattice algebra
operations based on the algebraic structure
�R�∞;∨;∧;��, with the underlying set the extended
real number system together with the binary opera-
tions of taking the maximum, minimum, or adding

two elements of R�∞. It turns out that �R�∞;∨;∧;��
is a bounded lattice ordered group. For a more com-
plete treatment of applied lattice algebra the reader
may consult [25–27]. The basic numerical operations
of taking the maximum or minimum of two numbers,
usually denoted as functions max�x; y� and min�x; y�,
will bewrittenasbinaryoperatorsusing the “join”and
“meet” symbols of lattice algebra, namely, x∨y �
max�x; y� and x∧y � min�x; y�. Lattice matrix opera-
tions are defined componentwise; for example, let A,
B be two m × n matrices such that A � �aij� and
B � �bij�, then themaximum,minimum, andaddition
of two matrices are defined respectively as �A∨B�ij �
�aij∨bij�, �A∧B�ij � �aij∧bij�, and �A�B�ij � aij � bij,
for each i � 1;…;m and j � 1;…; n.

Furthermore, given an m × p matrix A and a
p × n matrix B with real entries, two new lattice
matrix operations known as the max-sum and the
min-sum of A and B, denoted respectively as A◻⋁ B
and A◻⋀ B are given by

�A◻⋁ B�ij � ⋁
p

k�1
�aik � bkj�; �A◻⋀ B�ij � ⋀

p

k�1
�aik � bkj�:

(10)

If p � 1, then matrix A is reduced to a column
vector and matrix B is reduced to a row vector; con-
sequently, �A◻⋁ B�ij � �A◻⋀ B�ij � ai � bj. This parti-
cular case reduces to an m × n matrix that defines
the outer sum of two vectors [24]. Note the similarity
of Eq. (10) to the usual matrix product as used in
linear algebra, where the summation operation is re-
placed by the generalized min or max operations
and componentwise scalar multiplication is substi-
tuted by addition. We remark that lattice matrix
operations are the mathematical basis for develop-
ments in diverse areas that includemachine schedul-
ing, pattern recognition, associative memories, and
image processing [26,28]. In these applications, the
usual matrix operations of addition and multiplica-
tion are replaced by corresponding lattice operations,
providing a faster computation.

We turn to the concept of associative memories
based on lattice matrix operations. Given two sets
X � �x1;…; xk� and Y � �y1;…; yk� of n-dimensional
vectors, we define the association of X and Y as the
set f�xξ; yξ�:ξ � 1;…; kg, consisting of associated pairs
denoted by �xξ; yξ� for each ξ. For X � Y, an auto-
associative memory is a physical or computational
device able to store k vectors, with the property that
the memory recalls each xξ when it is presented as
an input. The lattice auto-associative min- and max-
memories (LAAMs), denoted respectively by WXX
and MXX , are defined componentwise for i; j �
1;…; n by

�WXX�ij � wij � ⋀
k

ξ�1
�xξi − xξj �;

�MXX�ij � mij � ⋁
k

ξ�1
�xξi − xξj �: (11)

Fig. 2. (Color online) Reflectance estimation realized with the
generalized inversion (dashed curve) and the Wiener estimate
(solid curve) with ρ � 0.94, for a red pigment taken from the
Matrícula de Tributos codex.
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According to Eq. (11), the size of WXX and MXX de-
pends on space dimensionality but not on the num-
ber of vectors stored in X. For more details about
lattice associative memories the reader may consult
[29]. An important fact of the column vectors of
LAAMs is that their relationship with the set of ori-
ginal data X is not direct; for example, WXX usually
has negative entries. Hence, an additive scaling of
both memories is required to relate the column vec-
tors to the data set X . The maximum and minimum
vector bounds of X, denoted respectively by u and v,
are used to realize the additive scaling and are de-
fined for all i � 1;…; n by the following expressions:

u � �ui� � ⋁
k

ξ�1
xξi ; v � �vi� � ⋀

k

ξ�1
xξi : (12)

Thus, the new shifted column vectors of two scaled
matrices, denoted byW andM, are defined for all i �
1;…; n as follows:

wi � wi � ui; mi � mi � vi: (13)

A fundamental result regarding the W and M ma-
trices states that the set of column vectors C �
M ∪W ∪ fu; vg forms a convex polytope with 2�n� 1�
vertices containing X [30,31]. Thus, any subset of C
can be employed as a selection of the purest pixels
related to the given image X. In other words, C allows
us to determine the spectral pixels that best repre-
sent the material spectra comprising the scene.

Before introducing the application examples, we
have achieved an initial simulation based on a
multispectral data set acquired from aMacbeth color
chart, conformed by 31 spectral bands in the range
from 400 to 700 nm [32]. The objective of the
experiment is to illustrate the use of LAAMs for the
autonomous extraction of representative spectral
signatures from the image.According to the described
procedure, from the set X conformed by all the
spectral vectors in the multispectral imagery, we

compute the matrix memories WXX and MXX , as
well as the corresponding scaled versions W and M.
Hence, a reduced number of columns obtained from
M ∪W ∪ fu; vg could be selected as representative
spectra of specific color charts in the image. For that
purpose, three spectral vectors were selected from
pixels in the image corresponding to the red, green,
and blue charts, respectively, which were labeled as
reference spectra. In order to determine the columns
of LAAMs that best match the corresponding refer-
ence spectra, the spectral angle computed between
each reference signature and the column vectors of
W ∪M allowed us to associate the columns w31, w14,
w6, with the red, green, and blue spectra, respectively.
The left part of Fig. 3 displays the positions of these
spectral pixels selected from the image (shown with
white squares); their associated spectral signatures
and those approximated by W are displayed in the
right part of the same figure,which are drawn, respec-
tively, in solid and dashed-dotted curves. The com-
puted spectral angle values in each case are 0.13,
0.15, and 0.3 rad, respectively. It is important to re-
mark that LAAMs enable us to approximate the con-
stituent material spectra from a particular scene.

4. Multispectral Image Analysis

The mathematical procedure previously described
has been applied for the analysis of two real multi-
spectral image collections. The first application ex-
ample corresponds to the Archimedes Palimpsest
multispectral image, whose spectral signatures are
already given as reflectance values. The second ex-
ample was performed using the multispectral image
of the Matrícula de Tributos codex, for which in
Section 2 we have provided an explanation of the
image acquisition process. Since collected raw data
are intensity values, it was necessary to calculate
the spectral reflectance with the Wiener estimation
given in Eq. (6). In the following subsections we
present the segmentation results obtained with the
proposed lattice-algebra-based method for both
collections.

Fig. 3. (Color online) Left: three spectral pixels selected from the Macbeth chart multispectral image. Right: spectral curves associated
with these selected pixels (solid curves) and corresponding spectral curves approximated by w31, w14, w6 (dashed-dotted curves).

678 APPLIED OPTICS / Vol. 52, No. 4 / 1 February 2013



A. Archimedes Palimpsest

The proposed method was tested using a subimage of
size 270 × 360 pixels, taken from the 11multispectral
bands of the left page in the folium 014v–019r of the
Archimedes Palimpsest. We first formed the set
X � fx1;…; xkg ∈ Rn, conformed by all spectral vec-
tors in the subimage, where k � 270 × 360 � 97200
and n � 11. Next, we computed WXX and MXX , the
vector bounds u and v, and the scaled matrices W
and M, both of size 11 × 11. According to our results,
adjacent columns of W (independently M) are highly
correlated, forming ⌊

�������������
n� 1

p
⌋ groups, each one with

⌊
�������������
n� 1

p
⌋ vectors. To eliminate highly correlated col-

umn vectors from each matrix memory that could
produce erroneous results, we computed the matrix
of correlation coefficients and then selected those
vectors with the lowest correlation values. In this
case only three vectors were selected as the “purest”
pixels from the set C to form the columns of P in
Eq. (8); in particular, P � fm1;w1;w11g.

Furthermore, the estimation of fractional propor-
tions for each constituent material can be realized
by inversion of Eq. (8), subjected to the full additivity
and non-negativity constraints of abundance coeffi-
cients. Although the simple inversion provides a un-
ique solution, some coefficients result as negative for
many pixels in the image. To overcome this problem,
an alternative procedure consists in satisfying the
non-negative condition but relaxing full additivity.
For the examples discussed here we made use of
the non-negative least square (NNLS) estimation al-
gorithm [33] (available in MATLAB). The numerical
estimation provides the proportions of each constitu-
ent material appearing at spectral pixels. Figure 4
shows the abundance maps of two pigments and
the parchment present in the Archimedes Palimp-
sest, whose values were scaled to the interval [0,255]
for visualization purposes. Thus, brighter areas
mean maximum abundance of the corresponding
material. Notice that the use of LAAMs followed

by linear unmixing allows us to segment the original
script in the manuscript.

B. Matrícula de Tributos Codex

As was shown in the previous example, the lattice-
algebra-based analysis provides significant results
that can be applied for the interpretation and subse-
quent restoration of historical documents. In this
second example, a subimage of the Matrícula de
Tributos multispectral collection was employed.
Similarly, from the subimage of size 481 × 671 pixels,
we formed the set X containing all the spectral
pixels; thus, the set X � fx1;…; xkg ∈ Rn, with k �
322751 and n � 16, was used to extract the constitu-
ent material spectra. By computing the matrix
memories WXX and MXX and their respective scaled
versions, W and M, two matrices of size 16 × 16 were
obtained. The lowest values in the matrix of correla-
tion coefficients computed from C were used to select
four uncorrelated column vectors; as a result,
P � fw1;w7;m2;m7g. Finally, the estimation of the
abundance coefficients at image pixels by means of
the NNLS numerical method allowed us to know
the distribution of each pigment along the image.
Figure 5 displays the colored distribution of two pig-
ments and the amate paper present in the codex
(grayscale image for print version). The image was
composed by combining the abundance maps, which
were colored with representative colors in order to
improve visualization.

In many applications it is necessary to perform the
digital enhancement or even the restoration of the da-
maged parts of a document. For that purpose, digital
imageprocessingalgorithms canprovideadequate re-
sults. Given thatwehave determined the distribution
of pigments, even in those parts of the document that
are not visible, we can employ the abundancemaps to
enhance the image. For example, by thresholding a
particular abundance map, we can emphasize some
important parts of the manuscript. In addition, the

Fig. 4. Different scripts extracted from the Archimedes Palimpsest using the lattice-based method and linear unmixing. From left to
right: Medieval twelfth century overlaid text (vertical), ancient Greek original text (horizontal), and background parchment. Brighter
areas correspond to maximum percentage of the corresponding material.
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application of smoothing or morphological filters can
help to fill in the holes of the damaged parts. Some of
these techniques have been applied to digitally
restore the color of the codex. First, a thresholding
procedure performed on the abundancemaps allowed
us to highlight the distribution of pigments in the re-
gions that are not visible. Once each abundance map
was modified, the mean color for each pigment was
computed from the image itself, whose values were
used to assign an RGB color to the corresponding
map. Finally, the abundance maps were combined
in order to form a complete image. The upper part
of Fig. 6 shows a true color image of the codex formed
by the combination of bands 13 (red), 8 (green), and 3
(blue), while the lower part presents a digitally re-
stored image obtained with the discussed procedure
applied to the codex. According to these images, it
is clear that color restoration can be performed using
basic digital image processing algorithms.

C. Selection of Columns from W ∪M

A remarkable property derived from the calculus of
W or M is the high correlation between their corre-
sponding contiguous columns. As was shown in
[31,34], a reduced number of them can be used as re-
presentative spectra of constituent materials (also
known as endmembers). Therefore, a similarity mea-
sure should be applied to select a reduced number of
uncorrelated vectors. In the current research we
have used different techniques for column selection
in order to demonstrate that any of them can provide
similar results. As was stated before, a selection
based on the matrix of linear correlation computed
fromW ∪M provides good results for pigment extrac-
tion, which is in accordance with the previously dis-
cussed results. Furthermore, clustering techniques
computed from W or M may be applied to subdivide

their respective column vectors in a finite number of
classes, say ⌊

����
n

p
⌋, from which a representative of

each group can be selected. Particularly, the cen-
troids approximated by K-means and fuzzy C-means
(FC-means) clustering techniques, denoted respec-
tively as Kγ and Cγ, for γ � 1;…; ⌊

����
n

p
⌋, are related

to some columns ofW orM, being suitable candidates
of pigment spectra. Table 1 shows a selection of end-
members from the setW ∪ fug that was accomplished
for both the Archimedes Palimpsest and theMatrícu-
la de Tributos codex. Column vectors similar to Kγ

and Cγ were chosen based on the correlation coeffi-
cient for values above 0.92 and 0.94, respectively,
and whose relative position in the row specifies
the correspondence among them. Similarly, Table 2
presents a selection of endmembers from the set
M ∪ fvg that was computed for both multispectral
data sets. Column vectors similar to the centroids
of K-means and FC-means were selected based on
the correlation coefficient for values above 0.91 and
0.93, respectively. Notice that instead of using these
classical clustering techniques for column selection,

Fig. 5. (Color online) Pigment distribution in the Matrícula de
Tributos codex determined from the lattice-based method and lin-
ear unmixing. Blue color (dark gray in print version) represents
red pigment, pink color (light gray) represents yellow pigment,
and gray area (background) represents the amate paper.

Fig. 6. (Color online) Digital restoration of the Matrícula de
Tributos codex achieved by means of the pigment distribution
maps. Top: RGB color image representing true color. Bottom:
digitally restored image.
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any other classification method, such as the novel
algorithm based on sub-band partitioning and fusion
for hyperspectral classification [35], could give
similar results, or even better than those previously
presented.

Finally, given an M ×N multispectral data set,
conformed by n spectral bands whose values are
already specified as reflectance quantities, the se-
quence of steps required for the unsupervised
determination of pigment abundances in our hybrid
approach is summarized as follows.

1. Transform the multispectral image into a bidi-
mensional array of spectral vectors X � fx1;…; xkg ∈
Rn, with k � MN.

2. Compute WXX and MXX from X.
3. Using u and v, scale both memories to obtain

WXX and MXX .
4. Determine a subset of

����
n

p
vectors from the set

C � M ∪W ∪ fu; vg by means of the correlation coeffi-
cients or K-means.

5. For each of the
����
n

p
constituent spectra build

the corresponding abundance map through the
NNLS numerical method.

5. Conclusions

This paper presents a fast and reliable procedure
based on lattice algebra that can be used for pigments
analysis and subsequent restoration of ancient and
historical documents. The multispectral imaging of
historical documents in the VIS and IR portions
allows us to extract additional information that is
not available with common techniques, such as
broadband color photography. The combination of
multispectral imaging and digital image processing
algorithms provides new tools to enhance the appear-
ance of ancient scripts as well as to increase our un-
derstanding of their content. Basically, the proposed
hybrid method computes two scaled lattice auto-
associative matrix memories to extract the set of
purest spectral pixels that represents the constituent
materials in the document. Assuming linear spectral
mixtures at image pixels, we used the NNLS numer-
ical method to determine the pigment abundances
present in the multispectral image. The method
wasapplied to aportion of theArchimedesPalimpsest
and the Matrícula de Tributos codex. In the first

case, the results obtained clearly show the original
script in the manuscript, whereas in the latter case,
the determination of pigment abundances was used
to enhance the color of the codex. Future work will
consider the application of the technique to the ana-
lysis of other documents aswell as the development of
algorithms for restoration purposes.

The authors thank to the owner of the Archimedes
Palimpsest and Professor M. Yamaguchi for the data
sets used in our simulations. J. C. Valdiviezo thanks
the National Council of Science and Technology for
doctoral scholarship no. 175027 and G. Urcid is
grateful to the National Research System (SNI-
CONACYT) for partial support through grant
no. 22036. We express our gratitude to the anon-
ymous reviewer whose appropriate comments helped
to improve this manuscript.
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